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ABSTRACT 


The  consistent  use  of  a general  statistical  theory 
nakes  possible  the  eXlir.ination  of  ar.tiguities  fron  the 
interpretation  of  ccincidence  experi: xnts . It  is  shov.n 
that  "eaw'urc;.:onts  cf  tinie  delays  and  cisintt  jration  rate? 
can  be  acco.r.plished  to  any  desired  accuracy  by  of 
e.'-rperinental  coincidence  curves  alone. 

For  the  treatr.jent  of  tiie  ti:ae-resoJ.vinr  properties 
of  coincidence  eo;uip:r.ent,  two  characteristic  tLuc 
rnagnitudes  are  needed,  one  of  Trhich  is  a straight- 
forward generalisation  of  the  old  definilioii  of  the 
resolving  time.  The  two  time  magnitudes  allow  the 
approximate  determination  of  raxidomtine  lags.  The 
general  theory  also  provides  a strict  definition  cf 
the  coincidence  efficiency. 
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A consequence  cf  recent  improveraento  in  coincidence 

counting  techniques  is  that  a refornralation  of  sor.ie  basic  defi- 
nitions has  become  necessary,  lor  exnitple,  tv/o  hit.ierto 
eq-uivalent  definitions  of  the  resolving  time  of  a coinciaence 
circuit  are  no  longer  equivalent  or  even,  strictly  sp  ahing, 
meaningful.  ,Ve  shall  de..'onstrate  that  a eons  is  tan  t and  unajtkiquona 
set  of  definitions  for  all  parameters  needed  in  t;ie  interpretation 
of  delayed  coincidence  .reasure-ients  can  be  fcrnulated  in  terms  of 
9Xperi..ieiitally  observable  quantities  v/itheut  any  idealizing  as- 


sumptions or  approxiiTiations. 

A usual  method  of  obtaining  coincidence  curves  is  as  follows: 
A source  of  pairs  of  particles  is  so  placed  that  the  members  of 
each  jiair  can  enter  t'.vo  detectors.  Tlie  output  counting  rate  of 
the  coincidence  ec  lipment  including  a discrimirntor,  as  a function 
of  the  delay  time  T inserted  in  one  channel,  is  denoted  sy  il'  (T) . 
Then  M(T),  the  coincidence  curve  for  the  source  in  question  is 
derived  from  the  experimental  curve  by  use  of  the  relation 


N(T) 


II' (T)  — N, 


(1) 


whei-e  i'I(,  is  the  chaitce  coincider.cc  counting  rate,  given  by 


H'  (00).  If  the  tv.'o  particles  of  each  pair  enter 


the  detectors  simultaneously,  the  resulting  coincidence  curve 
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is  teracd  a "pror.j.'t"  curve,  and  v.111  be  distinguished  by  the 
notation  F(T). 

The  height  of  the  output  pulse  of  the  coincidence  circuit 
for  a given  pair  cf  input  p'ulses  '/C-ll  be  a functional  of  the 
shapes  of  both  input  pulses  as  ’.veil  as  of  their  relative  position 
in  tine.  Since  the  detectors  vd.ll  in  general  emit  pulses  having 
a variety  of  shapes  ,-.tnd  ’a’iII  furthernore  introduce  randonly 
distributed  tine  lags,  it  is  a^jparent  that  the  F(T)  curve  vdll 
be  descriptive  of  the  entire  systan  of  detectors,  coincidence 
circuit,  and  pro’.ipt  source.  The  dependence  on  the  source  will 

hinge  on  the  extent  to  vvhich  the  type  and  energy  cf  the  particles 

•vlil  influence  the  pulse  shape  distributions. 

Relating  ri{T)  and  ?{T)  to  the  sane  sc'urce  strength,  it  is 

. IO-U4 

’.veil  icnov.Ti  that  the  connection  between  then  is  given 

by  bbo  ccnvciu'ti.cn 

N(Tj-rF(T-t)p(t)cU  (., 

J^OQ 

where  p(t)  is  the  normalized  probability  density  for  the  time 
interval  between  entry  of  particles  into  the  respective  detectors, 

r.q,  (2)  is  valid  under  Che  following  conditions;  a)  the  quantities 
t and  T are  intercltangeable,  i.e,,  tne  inserted  delay  mechanism 
does  not  materially  affect  the  pulse  shapes;  b)  the  pulse  shape 


distributions  in  the  respective  channels  are  the  same  for  both 
sources.  Condition  a)  usualry  offers  no  exj^erinental  difficulty, 
as  one  generally  uses  short  delay  cables  •»/ith  negligible  attenua- 
tion. Condition  t)  can  bo  net  either  by  assuring  triat  tne  sane 

type  and  energy  of  radiation  enters  the  detector.^  Iron  both 
d 

sources,  or  b^'-  elininatir^  the  effect  of  ai.y  discrepancy 

bet.veen  tiie  radiations  by  proper  pulse  shaping  techniques, 

As  has  been  pointed  out  earlier,  a consequence  of  Lq. 

(2)  is  that  th-e  nonents  of  A’  can  be  expressed  in  terns  of  those  of 
F and  p by  the  relations 


set  of  equations  can  be  solved  for  the  rnoinents  of  p,  thus  deter- 
nining  the  latter  function.  If  p is  kno'.m  except  for  the  values 
of  a finite  set  of  paraneters,  as  many  of  equations  (3)  ivill  be 
needed  as  tliere  are  paraiucters  to  be  evaluated.  It  is  convenient 
to  --o ; ( in  ■t.enns  of  the  noiTialised  ^nonents 


as 


= f •K!(n-k;l 


n ! 


u 

/ ii — K 


(3a) 


K~  O 

since  tre  normalized  aoneiits  are  independent  of  the  source  strengths. 


_c. 


Another  paraneter,  tha  "total  coincidence  co’jnting  rate", 
to  be  denoted  by  will  be  needed  for  a clear  understanding 
of  the  phenomena  involv<»d.  In  particular,  it  ie  necessary 

for  the  definition  and  determination  of  resolving  tine  and  effi- 
ciency, We  define  a "coii»cldence-ccur.table"  piilae  pair  to  be  a 
pair  of  pulses,  one  fron  each  detector,  having  the  property  that 
they  vdll  produce  a coincidence  count  for  sorae  range  or  set  of 
ranges  of  T of  non-zero  measure.  The  property  that  a pair  of 
pulses  be  coincidence-countable  is  then  dependent  on  the  shapes 
of  both  pulses  but  independent  of  their  relative  tine  orientation. 

The  qxiantity  N is  then  defined  to  be  the  number  of  coincidence- 
0 

countable  pulse  pairs  vhich  originate  in  unit  tine  fron  related 
events  at  the  source. 

The  description  of  the  follcMing  thought  experinent  may 
serve  to  clarify  the  definition  of  Let  a multi-channel 

delayed  coincidence  apparatus  observe  the  pulses  fraa  two  detectors, 
using  a source  of  related  events.  Ly  a nulti-channel  apparatus  is 
meant  a system  wherein  the  detector  outputs  are  branched  and 
simultaneously  observed  by  a number  of  delayed  coincidence  cirevits, 
each  havlTtg  a different  fixed  value  of  T but  being  otherwise  identical. 
Thus,  a finite  set  of  points  spanning  the  delay  curve  is  obtained  in 
one  measurement.  Now,  let  tne  discriminator  outputs  of  all  the  coin- 
cidence circuits  go  to  one  scaliii;^  circuit  of  sufficiently  t,reat 
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dead  tinie  that  only  one  count  v.ij.1  be  registered  for  one  source 

event,  regardless  of  how  inany  of  the  coincidence  circuits  respond 

to  it.  Then  the  counting  rate  registered  oy  the  scaler  v.il! 

asyapototically  apnroach  K as  the  nuj.iber  of  channels  is  increased 

0 

indefinitely  v.'ith  a proportional  decrease  in^T,  ti.e  interval 
between  adjacent  T values. 

Practical  lethods  for  the  direct  exvierinent-al  r.easure/.ent 
of  Pq  have  been  devised;  the  gereral  principle  '.dll  be 

described  briefly  in  uection  V and  the  aethods  presented  in  ceta  . 
in  another  paper. 

The  theory  can  fui'tr.er  be  ueveloped  most  si.a,.ly  rr.  tt:;' 

'^(T)=F(Tj/l\Jo  - 

v.lll  be  called  "reduced  coincidence  curves."  These 
define  the  probability  of  a sin.pl-  coincide;. ce-^  . 
producing  a delayed  coincide*  c-.„n  for  a . . • 

C)  and  V , vJ.  (,') 


ter.'.s  o.t 


WT)= 


* P- 1 ' 


/ 


P’ 


i- 


oy 


cne 


o 

t • 


•’  -i  coiriT"  * '■ 

■••rt..ernore , since  tlie  coincidance 
ij.r.*'’  Ci‘''as'G  a'  • a source  from  ti.ose 
' .or  ? or  rhe  cr  !•■  ...dence  device,  the  above 
■ ‘ • utrc  to  reiAi  lO  area  under  a reduced  coin- 
■k: ;:-,?r.dent  cf  ,il  tii.ie  delays,  regardless  of 
*'.00  cotr'.cv  . .ncc  circ’iit,  t'nis  area  depends  only 
.. '.a;  o ciist’  uutions. 


II.  ...P.  ..hTIOIJ  to  SBTLE  RAhlCivCTIVo  DdCAY 


...  plica'  -.on  of  Sq.  (3a)  to  a simple  pai'ent-daughter  decay  is 
a’  ' rv/ard  detector  responds  only  to  o.ne  of  the 

, c.rti  ■ .es,  \^':ich  case  v.lll  be  called  "asymraetric"  (as,  for  exa..iple,  in 
experinent),  the  probability  density  for  the  elapsed  time 
bet’.veen  the  activation  of  the  tvro  detectors  is; 

3 /t  \ = J_.  O 

IV  e 


p(t)- 


= 0 


{or  t^o 
-for  t<0 


(5) 


Use  of  Eq.  (3a)  vith  n = i -rields 


p,(N)-e  +p,(F) 


(6) 
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Thus,  the  mean  life  ^ is  given  by  the  displacement  of  the  centroids 
of  the  N and  F curves. 

In  the  event  that  both  detectoi's  have  the  same  response  to 
either  particles,  wliich  case  is  termed  "symmetric"  (as  is  true 
in  a ^ experiment  '..Ith  ^ 5^^^  similar  aner^y),  the  M(T) 
curve  v.lll  have  the  same  centroid  as  F(T).  It  is  then  necessary 
to  use  the  second  moments  of  the  curves  for  the  determination  of  0 . 
The  above  situation  can  be  described  by  a symmetrized  probability 


densitv: 


m- 


-J-  e 

ze 


-It  I /n 

' I / O' 


In  a coordinate  system  in  vhiich  U^JhhO* 

/ r / 

(3u)  for  the  second  mojnent  yields: 


(7) 

the  aonlication  of 


A(N)-/\(F)i-Z  9^  (s) 

The  generalization  of  the  theory  to  the  analysis  of  the  mean 
lives  of  a radioactive  fa.'.iily  v/ill  be  given  in  Appendix  D. 


III.  THd  RnSGLV H''!;  TIZE 

A careful  analysis  sho’-vs  that  two  chai'acteristic  time 
magnitudes  are  needed  to  describe  the  "resolution"  of  a coincidence 
device, aixi  by  their  use  the  inconsistencies  tetv/een  several 
earlie’’  definitions  of  the  resolving  tine  can  be  explained.  The 
problems  encountered  in  attempting  to  define  the  resolving  time 
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of  a coincidence  circuit  and  the  ultiiivate  need  for  definin^j  tuo  dis- 
tinct resolving  tines  can  best  be  appreciated  by  considering  some 
siimle  cases. 

First,  let  us  assume  that  all  pulses  in  a given  ci  mel  are  of 
the  sane  shape  and  that  nc  random  tiice  lags  heti^een  events  and  pulses 
are  introduced  by  the  equipment.  Then  there  './ill  be  a •> .-ell- defined 
interval  in  thie  ti:ne  coordinate  describing  the  separation  of  the 
members  of  a pulse  pair  for  which  a coincidence  v;ill  be  recorded. 

The  possib:.lity  that  this  intei-val  consists  of  several  separate 
subintej*vals  vrlll  be  disregarded  ..ere.  (A  rii^orous  treubaent  is 
given  in  appendix  A).  The  resolving  tinie,  r , is  customarily 
defined  as  half  of  the  magnitude  of  this  interval,  a.nd  could  be 
measured  experimentally  in  two  ways.  One  could  either  measure  the 
coincidence  curve  for  a pro..pt  source,  obtaining  a rectangular 
curve  of  v/idth  2 I j or  one  could  observe  the  chance  coincide.nce 
counting  rate,  for  unrelated  sequences  cf  pulses  in  c,he  tv/c 
channels,  obtaining 


N 'N.N.-UT 


(9) 


wi'.ere  a.nd  are  tue  respective  "si.igles"  conting  rates. 

Hovf.  let  us  introduce  one  nev/  feature:  ra:idom  ti.ne  lags 

betv/een  the  actual  events  a.nd  the  pulses  tiierefron.  The  value  of  ^ 


-10- 


will  be  unchanged,  and  can  be  deteri.iined  as  before  from  Eq.  (9), 
since  the  chance  coincidence  co'unting  rate  will  not  be  influenced 
by  tlie  random  lags.  Hov/ever,  the  prompt  coincidence  curve  will 
be  broadened  and  '..'ill  nc  longer  be  of  rectangular  shape.  The 
na>;im'un  of  the  prompt  curve  will  even  oe  lowered  in  an;."  of  the 
random  lags  exceed  ^ . Despite  tne  distortion  of  the  coin- 

cidence curve,  tiiere  is  a convenient  functional  of  it  that  ‘id.ll 
yield  . Noting  that  in  the  absence  cf random  time  lags, 

the  height  of  the  rectangular  coincidence  curve  ‘iiill  be  the 
area  of  the  curve  divided  by  vid.ll  be  2T  . Nov.',  invoking 
the  principle  e:<pr eased  by  Eq,  (1;),  that  ti.e  area  of  a red-aced 
coincidence  cui~ve  is  independent  of  tine  delays,  v.e  can  write 


/+0O 

T-aJ  F[T}dJ-i  HVdT 

^ I -CO  '-00 


(10) 


also  valid  if  F(T)  is  replaced  by  N(T),  tiae  coincidence  curve  for 
any  so’irce  cf  related  events,  prompt  or  ctherv.lsc . 

On  t’-.e  other  hand,  we  see  that  the  width  of  ‘b.e  coincidence 
curve  is  no  longer  given  by  the  resolving  time,  , Never- 

theless, the  effective  '.vidth  of  the  prompt  coincidence  curve  is 
indicative  cf  the  resolvinr  newer  of  the  svstem  for  detemlnation 
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of  tine  delays.  Thereicre,  it  is  desirable  lo  eefine  a second 
characteristic  Hue,  H , tliat  is  a measure  of  uiis  «luth. 


■ e 


choose  the  deiinition 
f +0O 


/ 


20 
I majc 


2 F 


riV\j- 


f<X> 

F(T]  a.T 


(11) 


-oo 


-oo 


although  this  choice  is  so:.rev;hat  arbitrary,  it  !ias  the  virtues 
that  "0  ^ reduces  to  2'  in  the  abseiice  cf  ti:rie  lags, 
and  that  is  usually  very  close  to  t.ue  half-v.idtn  at 

half  .raxiniur  of  the  coincider.ca  curve,  being  the  half-'..iclth 
of  the  rectangle  that  has  t;e  sa  u?  liei^r.t  ana  area  as  tne  curve. 

The  final  steu  is  to  extend  tr.e  definitions  to  the  general 
case  in  v/nich  each  cr'.ariT.el  receives  a distrilution  of  yulse  shapes. 
Then  a resolvia_  tine  can  be  defined  in  the  origir.al  ..a:mer  for 
every  possible  kind  of  coincidence-countable  pulse  pair,  and  0'  snould 
be  the  average  cf  these  resolving  tines  over  the  pulse  shape  distri- 
butions. ,'e  again  consider  first  the  case  of  nc  rar.don  tLne  laps, 
and  describe  all  yoseible  ccincic.ence-co'untable  pulse  pairs  by  a 
running  index  "i".  Letting  Ih  be  the  number  of  "tyj^e  i"  pulse  pairs 
ajpearing  in  unit  tine,  the  profcpt  coincidence  curve  v.ill  be  given 


by 


(12) 
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'..tiere  is  the  coincidence  curve  for  a single  "type  i”  pulse  pair, 

i.e.,  a rectangle  of  unit  height  and  of  the  v/idth  2r, . V/ithcut 

t 

loss  in  generality,  xe  can  assune  that  all  f^(T)  have  the  saiae 
centroxd,  as  failure  to  meet  this  condition  can  be  cospensaoed  for 
by  introduction  of  appropriate  Ci  lags.  Then,  since  ['\|  [\/^^ 

the  .naxinun  of  f(T)  v.lll  be  N , and.  the  average  resolvin^  tisie,  ^ , 


will  be  given  bj' 

TM-r.  I 7 

/y  ' V «-  • /!_ 

"IN; 


ZN 


0 


I (T)  cLT 


(13) 


as  before,  The  arguTient  alreacfy'  given  for  tiie  case 


i-ni’  orn 


pulses  again  serves  to  extend  l.q.  (10)  to  apply  to  coincidence 
C’urves  i.nfluenced  byrandon  tine  lags.  Thus,  is  always 

given  by  the  area  of  the  reduced  coincidence  curve  (jj  (T). 

The  chance  coincidence  counting  rate  v/ill  still  be  given  by 
Hq • (9),  nrovi ded  the  ouantitv  II- N—  nc'dence— 

countable  pulse  pairs, 

I.'o  further  discussion  of  the  definition  of 
a nee  it  is  based  on  the  shape  alone  of  tre  observed  prompt 


rr'  / 

I is  needed, 
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coincidenci2  cvir-m  and  \»111  be  ^iven  in  the  general  cane  also  by 

Eq.  (11).  ..e  choose  t.f.  call  r the  "true  resolving  tine" 

and  the  "nractic.nl  i-enolving  ti:ne".  In  Section  VIII,  vie 

v/ill  s'r.ov;  rhat  the  accuracy  of  near.  Idle  deteminations  is  a 

i\anction  of  the  ratio  of  j to  the  :.ican  life  'onder  ncasurcnent. 

Since  Q -v^  alv;a>'S  have  ^ * 

fh<Ur 

IV.  Ar??.Cm.IATE  DETERMIh.ft  r^CN  OF  TilL  AVidUGE  RAIiDOLi  THZ  LAG 
The  two  experinen tally  uieas'iratie  resol'd.n,g  tines, 
and  { , can  be  used  to  obtain  the  approximate  .magnitude  of 

the  rando.-.i  tine  lags  occurring  in  the  equipnent.^^  ,;e  return 
to  the  fornalisn  of  Eq.  (12),  viriting  for  a pror/.pt  coincidence 
curve  ■..’ith  tine  lags 

/ 4 (y» 

F(^T)=y  K\  > I X p fX\rlX  .nl^ 

' ' / ^ \ly  '-J  \ l\^J 


vihere 


R W ^ 


L 

-ho 

s a nornalized  probatilitv  density  for  the  tir.e 


.ag  t bctv;een  the  .'.ei.ihers  of  a "type  i"  pulse  pair.  Then  tiie 
3econd  nonent  ci  E(T)  will  be 


I 
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The  discussion  vvili  now  be  restricted  to  prompt  c\irves  obtained 
under  syrunetric  conditions,  i.e.,  identical  detectors  and  simlar 
radiation  for  ti;e  t'.;o  chaiinels.  Experiaental  curves  showing  no 
detectable  asy-uaetry  iiave  been  obtained  under  such  conditions. 

It  is  safe  to  asc’ume  then  that  all  the  are  sinncetric  functions 

of  t,  and  that  all  and  F have  a coriSion  centroid.  Eq.  (15)  can 
t;;erefore  be  re./rittcn: 


(16) 


uon|fT)=Ji\)  (Tj 


Usin^  the  nota 
have  for  tbf;  :.or..iali2ed  moments 


N;  y, 


V l\l  . 9 V 

Z-  l\'l  >i 


(17) 


Since  F and  f have  a co;.v.ion  centroid,  the  second  ncr.ients  on  tne 
left  nand  side  of  Sq.  (17)  can  be  replaced  by  recond  moments  about 
the  centroid.  The  e>qsression  on  tne  right  hand  side  is  a weighted 


I 
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average  second  noment  of  the  random  tine  lag  v;ith  the  -.  eight 
factors  . 

.'e  'v/ill  no-vv  show  tiiat  tlie  left  rand  side  of  Sq.  (17)  can  be 


replaced  by 


!.  'y:l  j 

— I , where  C is  a constant  of  the  order 
of  ;aagnitude  unity.  To  demonstrate  this,  we  examine  the  ratio 
l/cr  for  a number  of  plausible  functions,  C~” 
being  the  square  root  of  the  normalised  second  ncnent  about  tne 
mean,  and  observe  that  this  ratio  is  not  sharply  dependent  on  the 

— 

for  an  isoccles  triangle,  V J — extrene 

case  of  a rectangle,  3 * -^nax  " ‘V  -.•dll 

be  no  distinction  between  and  ^ for  that  f-unction. 

Thus,  v.-ith  the  assumption  of  a resonable  similarity  cf  shape 
between  F and  f,  Eq.  (IT)  can  be  '.Tritten  in  the  approximate 
form 

- .u^ 


9 


-T 


) 


uo; 


being  thic  approximate  rms  time  lag  a.sjribed  to  one  chiannel. 
The  validity  of  the  approximations  used  in  the  derivaticui-of 
Eq.  (18)  is  demonstrated  by  the  er L.aental  data  j_istcd  in 
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Table  I.  Usiric,  a fi::ed  soui’ce  of  Y 5 and  stilbene  scintillators, 

U T 7 

r 


•a  I <■»<■>  e* 


;d  (Ly  the  differential  coincidence  method) 


2oi^  k«l4 


reduced  coincidence  curves  taken.  Ihe  values  of  ^ and  ^ 
vi'ere  con--uted  from  the  curves  and  "t  obtained  using  Eq.  (l8).  It  can 
be  seen  that  t V/3.3  essentially  cons tan  - over  the  range  of  T used. 


Table 

I.  Values  of  end  "fc  , for  a number  of  \ 

all  otner  conditions  renainirj.  constant. 

■alues  cf'l  , 

r 

r> 

t 

7.9  X 

10  sac  Hi. 5 X 10  sec 

9.U  X 10  sec 

Hi. 7 

9.6 

3.1 

13.5 

9.3 

l.6i>' 

13.5 

9.2 

ve  believe  that  the  rain  contribution  to  "fc  comes  from  t he 

r ' n f.  ■ 

..  . 19 

1*11  -vt, inn  r niin  f .r‘r«“  > ,pr»^inVntr  nnnn  + n-r'c: 

fro  I . ' ri  o ^ 

t 

as  lo'.i  as  2.5  x 10  ^ sec.  iiave  been  obser 

ved,  a value 

v.hich 

can  be  attributed  to  the  piiotomultipliers . F 

or  scintillators, 

<0,  21 

theoretical  limits  have  teen  c alculated.  value  of 

-10  X 

3.1  X 10  sec,  for  L has  been  attained  using  diphenyl  acetylene 
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22 

crystals  and  a pulse  shaping  aethod.""  Xiiis  value  lies  within 
the  theoretical  estir.ates. 

V.  KXPnHIi.iiJlkL  DnTLRi-Ii.-iTIOl'i  OF  I.' 

a 

Fig.  1 illustrates  a sinplified  schene  for  o'etaining  the 
coincidence  curve  r.’(X)  and  the  value  of  appropriate  to  that  curve 
In  the  figure,  represents  the  fast  circuit  that  yields  the 
coincidence  curve;  C2  represents  a rir'-iinr  circ",it  ha'/ing  a resolv- 
ing ti.ie  at  least  an  craer  of  r.agr.i  ■ ■ie  gr’'ater  tnan  ‘'C  . The 
level  of  the  discriuunal  cr  follov/in;g  C2  is  set  sufficiently  high 
and  that  of  sufficiently  lev;  (even  tolerating  noise  pulses  in 
C^),  that  any  pulse  paii’  ^/lelding  an  output  £ran  C,  great  enough 
to  trigger  C^'s  (LserLminator  is  certain  to  produce  an  output  from 
's  diserLninator  if  the  delay  tii_e,  T,  is  correctly  chosen, 

R represents  a far  slov/er  coincidence  circuit,  the  purpose  of 
which  is  to  oeterrine  v;hether  a pair  of  outputs  from  and 
stem  from  the  sa..ie  source  events.  The  output  counting  rate 
of  R as  a function  of  T vnll  be  the  coincidence  curve  ;'!(T),  and 

the  cc  anting  rate  of  tne  discriminator  follcwing  C will  be  !! 

2 o* 

Havijig  determined  one  can  use  the  reduced  ccincidence  curve 
\.hich  is  nr.rjualized  to  one  pair  of  events.  Thus  C„  monitors  tiie 
equipment  and  maizes  the  delay  curve  independent  ox  temporal 
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riuctuations.  For  example:  1)  No  correction  is  needed  for  the 
decrease  in  strength  of  a radioactive  source  v^ile  making  a 
measurement;  2)  the  change  of  solid  angle  and  thereby  counting 
efficiency  introduced  by  displacing  the  source,  as  is  done  in 
some  tine  of  flight  .'.'leasiireKients,  does  not  affect  the  reduced 
coincidence  curve. 


T7T  »'*rvTTTr» TT' rt  r*T'  o t' :r^  vr"!? Tr> tl‘ MOV 


The  chance  coincidence  counting  rate  was  given  in  Eq.  (9) 

as  N N * S-'T"  > valid  orJy  if  all  pulse  pairs  are  coincidence 
A 

countable.  Eq.  (9)  can  be  written  in  terns  of  the  disintegration 
rate,  )J  • of  the  source  by  introduction  of  f and  6 

0 A3 

the  efficiencies  for  the  counting  of  singles; 


o 


'A  h 


(19) 


In  practice,  "^ot  all  pulse  pairs  are  coincidence- countable, 
and  Eq.  (19)  must  be  modified  to 


K 


c 


V £ £ 8 • 2 T 

0 A 5 c 


(20) 


ft. 

where  is  tha  tff  the  nilse  oairs 

c A 
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that  are  coincidence-countable.  Although  it  it,  ronraon  practice  to 

regard  a quantity  such  as  as  the  efficiency  of  the 

o 

coincidence  circuit  proper,  r has  no  independent  physical 

c 

meaning,  since  its  value  for  a given  circuit  still  depencs  on  the 

values  of  ^ ^ and  (£  „ > which  in  turn  are  determined  by 

A 3 

arbitrary  discrimination  levels.  (In  fact,  it  is  possible  to 

choose  C and  C in  such  a manner  that  f,  is  greater 
F\  t ^ C " 

than  unity.)  however,  the  product  ^ is  well  defined, 


dj  C 

being  the  fraction  of  source  events  yielding  coincidence- 
countable  pulse  pairs.  This  product,  denoted  by  ^ , vdll 

validly  represent  the  overall  efficiency  of  the  coincidence  equip- 


ment . 

For  the  eme rimental  determination  of  ^ , we  use  the 

relation  ( oee  (A2)  Appendix  A) 


(21) 


ty  oqs.  (10),  (20),  and  (21), 


6 


can  be  ejpressed  in 


terms  of  ex"/e  rimen tally  o’cservable  quantities  as 


A 


M 


/+o^ 
O J-OO 


Nj(T)  dT 


r 

V. 


(22) 
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Eqs.  (20  or  (21)  shov/  that  f,  is  independent  of  tirae 

magnitudes  such  as  t or  \ , While  reduction  of  alone 

lowers  the  counting  rates  along  the  coincidence  curve,  it  does  not 
reduce  the  coincidence  counting  efficiency.  The  decrease  in  count- 
ing 'ates  is  merely  a consequence  of  an  increased  ability  on  the 
part  of  the  coincidence  circuit  to  discriminate  against  small  tine 
differences . 


VII.  LuviSUREmEITT  OF  DISINTEGRATION  R.1TES 

Coincidence  methods  >:ave  long  been  used  for  absolute  meas'ure- 

23 

nent  of  source  strengths,  their  adv.-^ntage  being  that  they 

eliminate  the  need  for  knowledge  of  the  detector  efficiencies. 

With  the  use  of  coincidence  devices  of  sufficiently  great  ( , 

the  condition  II  N can  be  met,  and  b’'  oropcr  circuitry 

max  0 7 ~ ■ r 


2,  3 


It  IS  pcssicLC  to  have  ^ j ^ I'.'jer  these  ccr.aitions. 


the  scu"co  strength  v.ill  be  giver,  by 


N 


No 


^ • • f ' 

This  hod  i.s  limirad  to  relatively 


(23) 

si^'n'ces,  for  t!;-"' 


chance  coincidence  ccinting  rate  must  not  be  so  high  as  to 
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- M 

nax  " ’o 


prevent  acciirate  neasurenent  of  li  , and  reduction  of  ii  bv 

nax’  c 

reducing  r cannot  be  extended  indefinitely,  since  d 
requiresH^^  . Hence,  the  coridltion  .«  J,  sets  an  upper 
lir.iit  for  applicability  of  this  procedure. 

Utilization  of  the  observed  chance  coincidence  counting 
rate  ivovides  another  method  for  measurement  of  source  strengths 
that  is  not  subject  to  the  above  liniitations  arid  does  not  require 

2h 

measurement  oi  the  singles  counting  races.  5y  combining 

5qs.  (10),  (20),  and  (21),  •.;itl.  the  elimination  of  q and  , 
vfe  obtain 


u - 

o 


f-t-Oy 


(2U) 


N fT)  dT 

The  observables  on  the  right  hand  siue  of  u,q.  (2h)  are  independent 
of  random  time  lags,  and  the  method  can  even  be  used  for  delayed 
sources  iiaving  a mean  life  far  greater  th.an  | 


VIII.  STATISTICivL  ACCUnaCi  OF  -ZaH  LIFE  DLi£id...Zxl I0I;S 


meats 
and  " 


In  discussing  the  statistical  accuracy  of  mean  life  measui'e- 
f it  is  necessary  to  distinguish  betv.'een  the  "symmetric" 
as;ymmetric"  types  of  experiments.  Equations  (6)  raid  (8) 
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respectively  are  used  for  the  evaluation  o£  (J  in  Uiese  tv.'o 
cases.  The  statistical  accuracy  of  Q depends  tnen  on  that 
of  the  normalised  first  or  second  Cionents  of  the  coincidence 
curves  used. 

If  \)  (T)  is  regaitied  as  the  prcbability  of  obtaining 

a coincidence  co'unt  per  comrtable  pulse  pair,  then  '.'(T)  uay 

be  regarded  as  the  nunber  of  successes  in  !.'  trials,  './ith  the 

o 

a priori  probability  of  success  \J  (T).  The  value  of  I!(T) 
vrill  then  follow  the  binomial  distribution 


No-M 


(25) 


the  expected  value  of  iJ(T)  will  be  U (T),  and  the  variance, 

D ° 

, of  .<  will  be  h'  \J  (1-  jj  ).  Using  i’(T),^’  as  the 
0 o 

pxneri nen t a 1 est.i  ,i»te  of  +'-p  orohahi  T i fv  ) ) ^T^  v/o 


cr^fMj-N(T 


IT) 


N 


0 


(26) 
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If  the  coincidence  curve  is  obtained  from  a set  of  counting 


rales  N.  taken  at  equidistant  T values,  U can  be  approximated 


the  total  number 


( ''/x)  X ^ ^ t\l'c 

of  counts  observed  along  the  entire  coincidence  curve.  Employing 
the  usual  method  of  treatment  of  the  propagation  of  errors, 


In  actual  practice,  the  right  nand  side  of  (28)  has  been  fo’und 
to  overestimate  only  10  i for  a tv'.jical  coincidence 
curve , 

The  standard  deviations  of  y in  terms  of  those  of  the 


moments  used  are 


(29a) 
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for  the  ar;2,'iri:net-ric  case,  and 

9 


2 


y. 


p 


(29b) 


for  the  symmetric  case. 

One  further  approximation  yields  even  simpler  formulae, 
particularly  useful  for  order  of  magnitude  estimates  v/nen  plaruiing 
experiments.  This  consists  of  fitting  the  gaussian 


to  the  prompt  coincidence  curve  F(T)  and  e^q^ressing  all  pertinent 
moments  of  F(T)  and  !I(T)  in  terr^  of  \ ^ • 'j^'be  results 


of  this  procedure  are: 


2 


0 T\\9 


'!Z 


(30a) 


for  the  asymmetric  case,  and 

e;  IT 


9 

j 


0 h-  u 


r'V  I"' 

Oj 

J 


(30b) 


for  the  symmetric  case, 


IX.  APFEuDIK  A 

A formulation  of  fne  theor^'^  'A’herein  tlie  pulse  shape  distribu- 
tions are  explicitly  introduced  has  several  virtues.  In  ;Hrti- 
cular,  it  yields  a straightforward  inatr.ematicnl  interpretation 
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‘'o*  ' ; S ) and  of  the  counting  rate  for  chance  coincid<=nces 
The  pulse  shapes  vdll  Hpr.rribed  by  a set  of  pai’ameters 
ci  , . and  R for  those  in  channels  A and  B respectively. 

IK 

Using  V, (t)  for  the  voltage  in  channel  A as  a function  of  tine, 
a possible  (but  obviously  not  unique)  set  of  suitable  paraneters 


•.vhere 


the  centroid  of  the  pulse.  The  relative  orientation  in  tino  of 
a p-^lse  rair  can  be  described  Ly 

The  pulse  shape  distributions  in  channels  ^ and  5 respectively 
loted  by?(e|,^c(^^..jc(,^^^4^and  • •)  dj  (3  . d -- 

riencefoi'tli  to  be  abbi«viatt:u  as  ci  oi,  • 

For  related  events,  there  will  also  be  a distribution  in  t_^^ 

nX) 

denoted  by  dt^  p.  being  in  general  dependent  also  on 

^^5 


vdll  be  dei 


the 


and 


Nov;  the  property  that  a g;iven  pulse  pair  produces  or  f^ls 

to  produce  a coincidence  count  is  a function  of  the  g(  5 . ji  5 . 
\ ^ 

and  t 


A£. 


The  ol  , B , s 


apace  can  tiius  be  divided  into 


two  parts:  that  corresponding  to  ])ulse  pairs  v/hich  v.dll  produce 
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count,  £ind  corresj)onding  to  those  v/hich  v/ill  not.  The  fonner  region 
is  designated  in  Fig.  2 by  . If  a source  produces  Vq 

simultaneous  event  pairs  in  unit  time,  the  coincidence  counting  rate 


will  be 


V 


i<tie  If  c\^  k-CxCACj  xo  oiJt;  xail>6«  uc'ji  ^.iCxa  j uxi.u::  > 


the  effect  of  v<haciA 


cf  ) 

is  a p'ure  translation  o:  the  volume  U along  the  t aosLs . .jiailarly, 

AB 

N , the  total  coincidence  co’onting  rate  and  , the  overall 

0 

efficiency  desribed  earlier,  ’.vill  be  readily  defined  by 


\j^=  i;  |?(d)Q(ji)d=ap  = 


(A2) 


GL 


where  is  the  projection  of  V on  thec{^^  subspace. 

For  a given  set  of  values  of  theol>  5 and  Q 5 > denoted 
in  the  figure  by  , there  will  be  a section  of 

the  lineol>i»<jL^  > p-  , that  lies  wlthin*^^(^  . This  section 


-27- 


niay  have  r.ore  tJian  one  part  if  tis  line  intersects  a cavity  , 

For  cxaiapic  in  Fig.  2,  ti;e  portion  of  = ^ that  lies 

-.nlthir  ^ runs  iron,  to  t and  from  t to  t . Equation  (Al) 


can  then  he  written; 


(( 


-u 

0 


:U  d 


"^(A3) 


a 


AB.. 


v-'here  t denotes  the  i distinct  oortion  of  the  above 

mentioned  line  falling  vlthin  K_/  . The  end  points  of  each 

interval  ylll,  of  course,  he  fur.ctions  of  and  ^ , 

If  ‘.ve  no'w  compute  the  area  of  the  coincidence  curve,  we 
obtain 


where  2.  I 
corresponding  to  an 
the  lino  shovji  in  F 


is  the  measure  of  the  section  of  the 


arid  p falling  v<ith'‘"'^^^|_J 

ie-  2,  2J=t.-t+t  -t  . Tas 

U A 1 I 


line 
. For 
defined 


(a5) 


Thus,  T = 


un  to  inteni  eted  as  an  average  ever  tte  pulse 


of'i 


shape  distr\t'*tiens  of  !i«i.  (^1,  the  resolv-in;:  time  for  pulses 

of  shapes  specified  by  o(  and  |b  . 

The  cheiico  caincj  hence  countipfj  rate  can  nov/  be  coiuputed 

readily.  3or  ;ldcr  t.;c  -r.depencent  sources  of  strengtns 

and  jj  T,uP)duci;'.g  pulses  in  thn  respective  cnannels.  By  a 

£> 

"ty  e — " pulse  is  r.eant  a p'ulse  '.Yhc-e  para.ueters  are  in  a 

I ,1.1. 

specifiea  range  ^ ct  r,  . • . • tc  . A ^ -t  d 

! ' 'd  ^ \ -i,  <P 

For  a single-  type  - cj(  uise  in  A anv^  a s.a-'le  t,..'pe  — pulse 


in  Ej  the  .available  interval  on  the  a:‘:is  for  coincidence 
is  ^ I (ci^  [^j  . The  number  of  i/pc  - ^ pulses  per  unit 

time  ’..'ill  be  d (3)  • Hence  the  total  accumulated 

interval  over  unit  time  for  coincidence  betv;een  me  t'/-7>e-ol  pulse 
and  any  p’olse  in  D ’.’.'ill  be  |Q  P>)  j?> 

This  interval  divided  by  the  unit  of  tL'iC  . ill  then  be  the  proba- 
bility of  a coincidence  between  the  type  — d pulse  ai'd  any  ' 

pulse.  The  chance  coincidence  counting.’  rate  can  tJierefore  be 
obtained  by  multiplication  ty  the  n-x^ibcr  of  type  - pulse  and 


integration  over 


X • 6 • I 


i 


The  chance  coincidence  counting  rate  from  cnc  source  of  related 


or  by  the  use  of  Eqs.  (A2)  and  (aS) : 


v«*-'ch  is  equivalent  to  Lq.  (2U). 


i 

I 

I 


I 


I 
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X.  AFPEIiDIX  3 

To  illustrate  the  application  of  Eqs,  (2)  and  (2a)  to  niore 
complicated  ca.^es,  we  v.'ill  nov/  treat  the  case  of  parent-daughter- 
granddaughter  decay  and  will  then  make  the  obvious  generalization 
to  larger  radioactive  families. 

Let  us  denote  the  .sean  life  of  the  daughter  b}’’  and 

that  of  the  granddaughter  by  , '..ithout  loss  in  generality, 

v/e  can  restrict  the  problem  so  the  case  in  which  only  the  radiation 
of  the  parent  and  granddaughter  decays  can  excite  the  detectors. 

The  p(t)  function  for  the  time  interval  between  the  parent  and 
granddaughter  decays  will  be  the  superposition  of  the  tv/o  exponential 
decay  functions  vlth  the  respective  mean  liTos  , and  , 

The  p(t)  function  and  nence  its  moments  vlll  be  symmetric  in  0^  , 

and  , The  moments, 

y,  = 9, = S, 


U , will  be  given  by 

/ n 


2 eS  5 6|  -2  6z  = 2 


^3 


(31) 


>4-  n / r\ 


ZJ 


.3 


B|  +24 9i  + 2 4- <9/ "^24^’ 


c » 

/ 
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vhere  ~ 0^  , S2  - are  the  elementary 

symmetric  fajictions  of  the  ^ *s.  No*/,  for  an  as^inmetric  ex- 

periment, tfie  first  moment  of  p(t)  will  yield  S^,  the  second 
noricnt  and  the  icnoim  value  of  v/ill  yield  S^,  and  , and 


n 


2 


be  the  roots  of  thie  second  degree  equation 


9 -S,  9 -r5_^=0 


<B2) 


The  generalization  to  the  analysis  of  an  asy:Tmetric  experi- 
ment performed  on  a family  of  N memters  is  straightforward.  '.Ve 
denote  the  N elementary  symmetric  functions  of  the  0 's 
by  . Since  jA^l^p)  is  a sjaimetric 

function  of  the  n-Lii  degree  in  tiie  ^ aiv.ays  be 

expressed  as  a function  of  the  S,  . ai  ch  that 

kN 


Al^)~  I ^ 


C \ 

( -'»N  ) ) 


(B3) 


where.  does  not  contain  any  for  k ^ n.  Thus  the  first  N 

moments  of  utilized  in  a.scending  order  v.lll  yield  the 

by  sir.iple  substitution,  since  the  right  !:and  side  of  Eqs.  (B3) 

v/ill  be  a triangular  array  in  the  S,  's.  By  a v/ell-lcnov.’n  theorem 

kn 

of  algebra,  9 1 ) 1 / ^ [V 


ohe  roots  of  the  N-th  degree  equation; 
h i . 

K /-•  /->, 

0.  t7  = O 


k'^o 


(Bh) 


KNi 


1 
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The  p(t)  function  obtained  in  a c;/Tinietric  e;cperiwent  differs 
in  that  all  the  odd  i-noments  are  zero^  The  even  noments,  however^ 
vdll  be  the  sc-cie  as  Tjiose  obtained  in  an  asymmetric  experiment. 
Thus,  for  the  parent-daughter-granddaughter  case,  S-,  a.id  can 
be  determined  ty  inserting  I in  Eqs.  (Bl) , while 

the  nr-evious  triang'ilar  array  is  no  longer  available,  bq.  (B2) 
is  still  valid  and  yields  j , and  . 

for  the  caoe  of  a symmetric  eXi^eriment  performed  on  a family 


of  N oenters,  v,e  use  the  f-st  h ever,  rorents  . - 

from  -.hich ./ e determine  S , j(-j  Kj  , Then  Ea. 

k!j  ^ 

(BU)  can  be  solved  for  ^ 0^  j ! ^ N before. 
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